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Electro-elastomers are large strain smart materials capable of both sensing and actuation. Typical electro-elastomer set-
ups consist of either a silicone or acrylic membrane sandwiched between two compliant grease electrodes. Silicone electro-
elastomers have maximum elastic strains between 200% and 350%. Acrylic electro-elastomers are more widely employed
due to larger actuation strains but are softer than silicone and have a lower force output [Goulbourne, N.C., Frecker, M.,
Mockensturm, E.M., Snyder, A.J., 2003. Modeling of a dielectric elastomer diaphragm for a prosthetic blood pump. In:
Proceedings of SPIE, Smart Structures and Materials: EAPAD, San Diego; Goulbourne, N.C., Mockensturm, E.M., Frec-
ker, M., 2005b. Quasi-static and dynamic inﬂation of a dielectric elastomer membrane. In: Proceedings of SPIE, Smart
Structures and Materials: EAPAD, San Diego]. A numerical formulation for the large deformation response of electro-
elastomer membranes subject to electromechanical loading is derived in this paper. The approach is based on modifying
the elastic membrane theory of Green, Adkins, and Rivlin [Adkins, J.E., Rivlin, R.S., 1952. Large elastic deformations of
isotropic materials IX. The deformation of thin shells. Philosophical Transactions of the Royal Society of London. Series
A Mathematical and Physical Sciences 244, 505–531; Green, A.E., Adkins, J.E., 1970. Large Elastic Deformations. Oxford
University Press, London]. The electro-elastic stress state is deﬁned as the combination of the electrical Maxwell stress and
the mechanical stress for hyperelastic materials [Goulbourne, N.C., Mockensturm, E.M., Frecker, M., 2005a. A nonlinear
model for dielectric elastomer membranes. ASME Journal of Applied Mechanics 72, (6) 899–906]. This paper augments
our previous work by presenting a mathematical solution procedure for simulating the ﬁeld responsive behavior of silicone
electro-elastomers conﬁgured for both in-plane and out-of-plane deformation. Thin axisymmetric membranes subject to
electromechanical loads are the focus of this investigation. The numerical analysis shows that there is a delicate balance
between the electrical and the mechanical portions of the stress, which must be maintained for the overall stress to remain
tensile and by extension the electro-elastomer to remain stable. It is shown that at very high voltages the stress can become
negative ultimately leading to transducer failure. For sensing applications, the varying capacitive behavior of electro-elas-
tomers is used to extract information about the membrane’s deformed state.
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Electroactive polymers are smart materials typically characterized by large strain, low modulus, and high
compliance. Electro-elastomers form the subgroup of electroactive polymers that have the largest electric ﬁeld
induced strain. Electro-elastomers, referred to as dielectric elastomer actuators when used in actuation mode,
have revolutionized advanced smart materials research with their potential to advance the areas of prosthetic
devices, endoscopic surgery, compliant robots, adaptive structures, pumps, valves, and sensors (Bar-Cohen,
2003; Carpi and de Rossi, 2004; Choi et al., 2002; Goulbourne et al., 2003, 2004, 2005a; Pelrine et al.,
2000a; Pope et al., 2004; Rosenthal et al., 2004). These soft polymer membranes that deform in response to
an applied voltage are easily manufactured, capable of hundreds of percent strain, have a relatively fast
response (0.1–20 kHz) (Pelrine et al., 2000c), and remarkable electromechanical eﬃciencies (60–90%) (Pelrine
et al., 2000a). So far, there have been studies to investigate these materials for various actuator applications
such as a cardiac membrane pump (Goulbourne et al., 2005a,b; Tews et al., 2003), an artiﬁcial bicep for ortho-
tic and prosthetic technology (Herr and Kornbluh, 2004), a hopping robot (Pei et al., 2004), and a six-legged
robot (Pei et al., 2004).
Electro-elastomers are fairly easy to fabricate. Consisting of three component layers, the actuator is made
by covering the major surfaces of a soft commercially available elastomer with ultra-low modulus electrodes.
Small strain models have been proposed by (Carpi and de Rossi, 2004; Choi et al., 2002; Pelrine et al., 1998,
2000b,c; Rosenthal et al., 2004). The principal mode of actuation arises from both electrostatic eﬀects and
incompressible elastomeric eﬀects. Since the deformation behavior is nonlinear a large deformation electro-
elastic model is needed. A nonlinear large deformation model for dielectric elastomer actuators is given by
the authors (Goulbourne, 2005; Goulbourne et al., 2005a,b; Mockensturm and Goulbourne, 2005). In that
model Maxwell–Faraday electrostatics and nonlinear elasticity theory are combined using a continuum
mechanics approach to predict the out-of-plane deformation of a clamped membrane (Goulbourne et al.,
2005a). In this model, the stored energy has components derived from the elastic energy density and the elec-
trostatic energy density. The stress constitutive relations and the governing equations are determined using a
variational approach or the general Cauchy approach derived by Toupin and Eringen (Eringen, 1962; Toupin,
1956). Equivalently, a thermodynamic approach as derived by Landau and Lifshitz renders equivalent expres-
sions (Eringen, 1962; Landau and Lifshitz, 1984; Toupin, 1956).
To simulate the active inﬂation response of a clamped electro-elastomer diaphragm, a numerical formula-
tion and solution procedure are presented in this paper since closed form solutions cannot be readily obtained.
Secondly, numerical results for the large deformation behavior of silicone actuators are presented for the ﬁrst
time for two cases: (1) planar extension of a ﬂat membrane, and (2) active inﬂation of ﬂat and spherical mem-
branes. Thirdly, an analysis of the ﬁeld-dependent stress and stretch distributions over the diaphragm’s proﬁle
is conducted. Fourthly, it is numerically illustrated how the varying capacitive behavior of the actuator can be
used to extract information about the membrane’s deformation state, which is an important tool for potential
sensing applications. Many of the modeling issues characteristic of passive elastic membranes arise here and
are resolved using similar and/or equivalent approaches.
1.1. Dielectric deformable media
The general equations governing the elastic membrane problem are given by Adkins and Rivlin. The elec-
tro-elastic stress and equilibrium equations for modeling ﬂat axisymmetric membranes are given by Goul-
bourne et al. (2005a). Here the speciﬁc equations for silicone’s elasticity parameters and an explicit
numerical solution procedure are incorporated in the necessary equations extracted from the aforementioned
papers. In continuum mechanics, hyperelastic continua are described using the Cauchy method in which the
stress is postulated to be a function of the deformation gradient only. If the system conserves mechanical
energy, there is a constitutive relationship between the stress and the displacement gradients that can be
derived from a single strain energy potential. Similarly, for deformable electro-elastics (elastic dielectrics),
the approach that postulates the form of the electro-elastic stress is called the ‘analogous’ Cauchy method
(see Toupin, 1956). Since both mechanical and electrical ﬁelds are present in hyperelastic dielectrics, we
assume that the state of stress at a point in the deformed medium is determined by (1) the local elastic state
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described by using Maxwell–Faraday electrostatics (Toupin, 1956). For a homogenous, electrically linear, iso-
tropic dielectric, the electrical constitutive relationship between the electric displacement D and the electric
ﬁeld E is simply expressed byD ¼ e0Eþ P ¼ e0erE ¼ eE;
rM ¼ eE E eðE  EÞI
2
;
ð1Þwhere P is the polarization vector, I is the identity tensor, e0 is the vacuum permittivity, er is the relative dielec-
tric constant, and e is the dielectric constant. The equivalence of the expressions given in Eq. (1) is commonly
employed for passive dielectrics such as rubbers that do not contain any charged particles and that do not have
a resting polarized state. A more detailed treatment is found in textbooks on electricity and magnetism or
dielectric materials such as Zaky and Hawley (1970). Assuming the constitutive relationship in Eq. (1), the
well-known electrostatic Maxwell stress tensor rM (Maxwell, 1954) takes on the form given byrM ¼ eE E eðE  EÞI
2
; ð2ÞThis expression is derived from considerations of the force of attraction or repulsion between charges (or con-
ductive surfaces) by Landau and Lifshitz, and Schwinger et al.. (Goulbourne et al., 2005a; Landau and Lif-
shitz, 1984; Schwinger et al., 1998). Electrostriction which refers to the electromechanical coupling that
occurs due to the separation of initially coincidental electrical charges in a dielectric that leads to an observa-
ble mechanical strain is not detectable for the materials considered here and is neglected in the derivation. If
present this leads to a diﬀerent formulation of the Maxwell stress and the electric polarization would be a more
appropriate dependent variable for the analysis. In electrostrictive materials the mechanical deformation is di-
rectly coupled to a change in the dielectric constant of the medium. Experimental results obtained by Kofod
and Kornbluh conﬁrm that the dielectric constant remains unchanged throughout actuation (Kofod, 2001;
Pelrine et al., 1998), in support of our claim that the electrostriction is negligible. Electrostrictive deformations
are on the order of picometers in most common dielectrics, but can become a macroscopic eﬀect such as in the
case of electrostrictive PVDF TrFE copolymers (Cheng et al., 2001).
Following Toupin’s approach of modeling elastic dielectrics, the total stress in the medium or the Cauchy
stress tensor r is assumed to be the sum of the local elastic stress tensor and the Maxwell stress tensor (Max-
well, 1954) givingr ¼ rE þ rM; ð3Þ
where rE is the local elastic stress tensor given as a function of the displacement gradients. For the elastic por-
tion of the constitutive relation, the dielectric elastomer actuator is modeled as a hyperelastic solid, that is to
say, when the external loads are released the natural state is recovered and there is zero dissipation. Further,
when the electric ﬁeld is zero, the full elastic relations are recovered. In piezoelectric and electrostrictive mate-
rials, the stress rE is derivable from a single internal energy function R that depends on electrical variables such
as the polarization P (or the electric displacement D) in addition to the deformation gradients F (Eringen,
1962). For a hyperelastic isotropic dielectric that is electrically linear, the internal energy is ultimately reduced
to a function of six independent scalar invariants (IC), which are a combination of strain invariants and elec-
trical invariants (Eringen, 1962). The internal mechanical energy is then a state function of only three scalar
strain invariants; two independent scalar invariants for an incompressible material. Consider a dielectric elas-
tomer that is homogenous, isotropic, incompressible, and hyperelastic, for such a system the elastic stress ten-
sor is derived from a purely mechanical strain energy function asr ¼ qm
q0
oR
oF
Fþ pMIþ rM; ð4Þwhere q0 is the initial mass density, qm is the current mass density, and pM is a mechanical pressure to enforce
incompressibility constraint. The total stress tensor for an isotropic elastic dielectric has both mechanical and
electrical components.
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the evolution of continuum mechanics, the Maxwell stress does not account for the mechanical properties of
deformable conducting surfaces and dielectric materials. One approach to bridge the gap between the more
well-developed theory of electromagnetism and the mechanics of deformable media was proposed by Toupin.
In this work, the system is modeled using two approaches which render equivalent results, the Cauchy method
of postulating a total stress and the variational energy method. Writing or separating the stress into a mechan-
ical and an electrical portion should not be a source of confusion; it is simply a constitutive assumption prob-
ably borne out of a desire to illustrate the unity between the sciences. If one were instead to assume a total
stress derived from a single internal energy function (Wineman and Rajagopal, 2000) it would still be possible
to separate the reduced components into a purely elastic portion and a purely electrical portion. A thorough
discussion of this can be found in the book by Hutter and Van de Ven (1978). In the end, constitutive assump-
tions are validated by experimental results. Thus, inconsistencies between a given model and actual material
behavior dictate the form of the assumed constitutive relation.
1.2. Summary of electro-elastomer model
Electro-elastomers undergo nonlinear large deformations when actuated. An electro-elastic membrane the-
ory was derived to model the deformation response of an axisymmetric dielectric elastomer actuator previ-
ously presented in (Goulbourne et al., 2005a). In this case, Green and Adkins elastic membrane theory was
cast into an electro-elastic formulation for large deformation actuation materials (Green and Adkins, 1970;
Green and Zerna, 1968). Consider an incompressible rubber elastomer subject to both mechanical forces in
the form of an external pressure and an external electric ﬁeld. The electric ﬁeld is created by two compliant
conductors that exert an equal and opposite surface traction on the elastomer’s major surfaces. The insulating
polymer is a pressure sensitive elastomeric material, such as acrylic tape or silicone rubber, and the soft con-
ductors typically are made from carbon or silver grease. The electro-elastomer is suitably modeled using mem-
brane theory if the radius to thickness ratio is large and bending eﬀects are negligible. Electrostatics and the
theory of elasticity are combined to model the transducer’s response. Speciﬁcally, Rivlin’s treatment of large
elastic deformations of inﬂatable elastic membranes is modiﬁed to account for material stiﬀening at high
strains, prestretch, and electrical eﬀects (Adkins and Rivlin, 1952). This yields a system of coupled second
order nonlinear diﬀerential equations that can be solved given the necessary system parameters and boundary
conditions.
An electro-elastomer in equilibrium satisﬁes the Cauchy equilibrium equations for continuous media given
byr  r ¼ 0; ð5Þ
where r is the Cauchy stress and both inertial and body forces are zero. The divergence in Eq. (5) is calculated
with respect to the deformed conﬁguration of the body. The Cauchy moment equations are satisﬁed by requir-
ing the symmetry of the stress tensor. In elastic membrane theory, the three-dimensional equilibrium equations
can be expressed with respect to a set of orthogonal curvilinear coordinates (h1,h2) on the middle surface of a
deformed surface (Green and Zerna, 1968). A cylindrical coordinate system is employed such that
(q,h) = (h1,h2). In the deformed state, the major surfaces of the membrane are given by h3 = ±k3h/2, where
k3 is the thickness extension ratio and h is the initial membrane thickness. The resultant equations arer  n ¼ 0; ð6Þ
n  bþ p ¼ 0; ð7Þgiven the relationn ¼
Z k3;h=2
k3;h=2
rdh3; ð8Þwhere r is the gradient with respect to the deformed membrane surface coordinates, n is the stress resultant
tensor, k3h is the deformed membrane thickness, b is the curvature tensor, and p = p1  p2 is the pressure dif-
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tomer and hence does not appear in p.
For an axisymmetric dielectric elastomer actuator diaphragm subject to an external (inﬂating) pressure dif-
ferential p, the resultant stress and curvature tensors can be written asn ¼ T 1a^1  a^1 þ T 2a^2  a^2; ð9Þ
b ¼ j1a^1  a^1  j2a^2  a^2 ð10ÞEqs. (6) and (7) reduce todðT 1qÞ
dq
¼ T 2; ð11Þ
j1T 1 þ j2T 2 ¼ p; ð12Þwhere a^a are unit basis vectors in the longitudinal and latitudinal direction. Note that in Eqs. (11) and (12) the
stress is dependent on: (1) the principal extension ratios, (2) the elastic strain energy function, (3) the electric
ﬁeld, and (4) the material’s dielectric constant.
1.2.1. Material modeling
The constitutive stress–strain-ﬁeld relation that describes electro-elastomers has two components derived
from (1) an elastic strain energy function and (2) the Maxwell stress. As we have previously emphasized, it
is suﬃcient that the elastic portion of the stress is determined from a purely elastic strain energy function;
the electrical portion is given by the Maxwell stress tensor (Maxwell, 1954). Various material models have
been developed to describe rubber elastic materials. Two such constitutive relations for typical dielectric elas-
tomers are the following elastic strain energy functions: (1) the Mooney–Rivlin model (Adkins and Rivlin,
1952), and (2) the Ogden model (Ogden, 1972). Of course, the validation for any chosen strain energy function
lies in its ability to capture the material’s physical response. Fitting the material models to experimental force–
displacement data yields the model constants.
To apply an electric ﬁeld, a voltage is applied across the thickness of the electro-elastomer. Thus, the electric
ﬁeld vector has a single component E3 that is assumed to be uniform in the thickness direction (geometrically
characterized by nonvarying ﬁeld lines between the electrodes). Recalling Eq. (2), the surviving components of
the Maxwell stress tensor arerM ¼  eV
2
2ðk3hÞ2
ða^1  a^1 þ a^2  a^2Þ þ eV
2
2ðk3hÞ2
a^3  a^3; ð13Þwhere V is the dimensional applied voltage, h is the dimensional initial membrane thickness, and a^3 ¼ a^1  a^2
is the unit normal vector to the deformed surface. In membrane theory there is no shear stress, the stress tensor
can be written in terms of the principal stresses as r ¼ t1a^1  a^1 þ t2a^2  a^2 þ t3a^3  a^3. Thus, assuming the
dimensionless Mooney–Rivlin elastic strain energy function R given in Eq. (13), the corresponding expression
for the total stresses in an incompressible material isRðI1; I2Þ ¼ ðI1  3Þ þ cðI2  3Þ; ð14Þ
I1 ¼ k21 þ k22 þ k23; ð15Þ
I2 ¼ 1
k21
þ 1
k22
þ 1
k23
; ð16Þ
ti ¼ k2i
oR
oI1
 1
k2i
oR
oI2
 !
þ pm 
1
C1
1
2
e
V
k3h
 2 !
; ð17Þwhere i = (1,2,3), I2 and I2 are stretch invariants which are functions of the three principal extension ratios, C1
is a dimensional material constant, c is a dimensionless material constant, and pm is the material hydrostatic
pressure. The electrical term is subtracted for i = (1,2) and is added for i = 3. Similarly, for an Ogden material
model, the dimensionless strain energy function is deﬁned as
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X1
n¼1
ln
l1
kqn1 þ kqn2 þ ðk1k2Þqn  3
qn
; ð18Þwhere qn are dimensionless constants, and ln are the dimensional Ogden material constants. The number of
terms needed in the summation is determined from experiments. The corresponding expressions for the prin-
cipal stresses using the Ogden material model areti ¼ ki oRoki  pm 
1
l1
1
2
e
V
k3h
 2 !
ði ¼ 1; 2Þ; ð19Þ
t3 ¼ k3 oRok3  pm þ
1
l1
1
2
e
V
k3h
 2 !
: ð20ÞFor a given strain energy function, Eq. (17) or Eqs. (19) and (20) explicitly give the total stress for the dielectric
elastomer in a uniform electric ﬁeld E ¼ E3a^3  a^3 ¼ ðV =k3hÞa^3  a^3.
To solve the elastic membrane inﬂation problem, Rivlin and Adkins assumed that the normal stress across
the membrane was small and hence was set equal to zero, even though there are nonzero tractions on the sur-
faces. Similarly, to solve the electro-elastic membrane inﬂation problem, we set the transverse stress to zero.
Since the conductors on either side of the elastomer produce equal and opposite tractions on the elastomer
surfaces, their contribution to the pressure diﬀerential across the membrane is zero. The approximation is suf-
ﬁciently accurate for the membrane because the actual surface traction produced from the external mechanical
pressure is negligible compared to the meridional and latitudinal stresses t1 and t2. Thus in this formulation,
the external mechanical pressure contribution to the surface traction is neglected in accordance with the Riv-
lin–Adkins assumption and t3 = 0. This assumption is used to eliminate the arbitrary hydrostatic pressure pm
from t1 and t2. Integrating the stresses over the deformed thickness k3h yields the principal resultant stress
components T1 and T2T 1 ¼ 
V 2ek21k
2
2  2h2l1 kq11 þ akq21  1k1k2
 q1  a 1k1k2
 q2 
2h2k1k2l1
; ð21Þ
T 2 ¼ 
V 2ek21k
2
2 þ 2h2l1 kq12  akq22 þ 1k1k2
 q1 þ a 1k1k2
 q2 
2h2k1k2l1
; ð22Þwhere a is the nondimensional ratio l2/l1. Eqs. (21) and (22) are the resultant membrane stresses of the elec-
tro-elastomer.
2. Numerical formulation and solution method
Consider an axisymmetric planar circular diaphragm actuator (for example, a silicone ﬁlm electroded using
carbon grease electrodes) clamped around the edges and modeled as an incompressible membrane. Since dielec-
tric elastomers are often prestrained to generate larger forces, a circularmembrane having an initial radiusRi that
is prestretched by an amount k0, and then clamped at radiusR0 is considered. In the initial conﬁguration, the elec-
tro-elastomer is ﬂat and no ﬁeld is present. The electro-elastomer is deformed by applying a nonzero electric ﬁeld
and a pressure diﬀerential across the diaphragm thickness. The following formulation presumes a constant
potential diﬀerence between the electrodes, typically thin layers of conductive grease that are assumed to adhere
perfectly to the dielectric elastomer in such a way that it does not impede the motion of the dielectric elastomer.
For less compliant electrodes, mechanical eﬀects may become prominent as the membrane deforms.
The surface of revolution is generated by the curve R(s) = s where s is the arc the length. Inﬂation and acti-
vation of the membrane leads to deformation proﬁles described by a surface of revolution. As only axisym-
metric undeformed and deformed conﬁgurations are considered, the independent variable of the analysis is
the arc length, s, of the undeformed membrane; the clamped radius R0 is used to nondimensionalize variables
containing a length scale. The relationship between the dimensional and nondimensional quantities are given
in the Appendix. The deformation characteristics of the electro-elastomer are completely described by the
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x = q 0. Assuming an incompressible material, the principal stretch ratios k1,2,3 and the curvatures j1,2 are
given byk1 ¼ n0; k2 ¼ qR ; k3 ¼
1
k1k2
; j1 ¼ 1R1 ; j2 ¼
1
R2
; ð23Þwhere n is the meridian curve length in the deformed state, a prime denotes diﬀerentiation with respect to s, R
is the radius of the undeformed membrane, and R1 and R2 are the meridional and latitudinal radii of curva-
ture, respectively. The horizontal distance of material points from the symmetry axis is q, and the perpendic-
ular distance of material points, y, from the symmetry axis of the inﬂated actuated membrane is given byy ¼
Z s
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21  q02
q
ds: ð24ÞFour ﬁrst order diﬀerential equations in each of the variables q, k1, y and x are obtained in ﬁnal form by
manipulating the two equilibrium equations that govern the analysis and two elementary geometrical relations
for the surface. The equilibrium equations are given in Eqs. (11) and (12), and the geometrical Codazzi equa-
tions (Love, 1944) areðj2qÞ0 ¼ j1q0; ð25Þ
j1j2qk
3
1 ¼ q0k01  k1q00: ð26ÞRewriting Eqs. (11) and (12) givesT 01 ¼ 
q0
q
ðT 1  T 2Þ; ð27Þ
j02 ¼
q0
q
ðj1  j2Þ: ð28ÞFrom geometrical considerations the following relations are obtained:j2 ¼  1q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q0 ds
dn
 2s
;
y0 ¼ j2qk1;
ð29Þalternatively,q0 ¼ k1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 j22k22s2Þ
q
: ð30ÞThe resultant membrane stresses using the Ogden material model are given in Eqs. (21) and (22). Rewriting the
tangential equation of equilibrium Eq. (11) yieldsT 01 ¼
R kq11  akq21 þ qR
 q1 þ a qR q2 q0
k1q2
ð31ÞDiﬀerentiating Eq. (21) givesT 01 ¼
1
h2l1R
2k21q
2
h2l1R2k1 kq11  akq21 þ ð1þ q1Þ
R
k1q
 q1
þ ð1þ q2Þa
R
k1q
 q2 
qR

þV 2ek31q3R0  V 2eRk21q2ðqk01 þ k1q0Þ þ h2l1R3

ð1þ q1Þkq11 qk01 þ ð1þ q2Þakq21 qk01
þ ð1þ q1Þ
R
k1q
 q1
þ ð1þ q2Þa
R
k1q
 q2 
qk01  kq1þ11 q0  akq2þ11 q0 þ k1 ð1þ q1Þ
R
k1q
 q1
þð1þ q2Þa
R
k1q
 q2
q0

ð32Þ
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for k01. Inserting Eqs. (26) and (29) for the curvatures into the normal equation of equilibrium Eq. (12), along
with the membrane stresses Eqs. (21) and (22) gives an expression for q 0 0. The four resulting nonlinear ordin-
ary diﬀerential equations are given in the Appendix. This system of ﬁrst order equations is solved to yield the
stretch ratio k1, the deformed radius q, the vertical deﬂection y, and the intermediate variable x. Eqs. (58),
(60), (62) and (63) are solved using a nonlinear ODE solver in Mathematica called NDSolve. Prior to using
this solver the singularity in the ODEs at the pole requires special considerations.
2.1. Deformation at the pole
The deformation at the pole merits special treatment since it is a point of singularity. Ultimately following
Rivlin’s approach, we will use Taylor’s theorem to solve for the spatial response (Adkins and Rivlin, 1952).
Therefore, the ﬁrst and second derivatives of the system variables at the pole must be speciﬁed. At the pole
of an axisymmetric body, the radial and azimuthal stretches and curvatures coincide and are equivalent. By
deﬁnition, the ﬁrst derivative of the radial coordinate q is equal to the stretch k in Eq. (22). Symmetry con-
siderations at the pole yield the relations in Eq. (33). Taking the ﬁrst derivatives of k1,2 and j1,2 (Eqs. (23),
(25), (29) and (58)) and the second derivative of q (Eq. (22)) and applying the condition s = 0 we obtain
Eqs. (34) and (35).q ¼ 0; j1 ¼ j2 ¼ j; k1 ¼ k2 ¼ k ¼ q0; ð33Þ
k01 ¼ k02 ¼ j01 ¼ j02 ¼ 0; ð34Þ
q00 ¼ 0: ð35ÞPhysically speaking, if we consider the conditions of axisymmetry, the stretches and the curvatures are even
functions of the arc length s. Thus, evaluating these functions at s and s (180 apart) they must render iden-
tical solutions. Using a similar argument, we see that the function q is an odd function. For even functions the
ﬁrst derivative is zero; odd functions have a nonzero ﬁrst derivative. At the pole the normal equation of equi-
librium Eq. (12) along with the ﬁrst derivatives of the stress are given byT 1 ¼ T 2 ¼ T ¼ p
2j
;
T 01 ¼ T 02 ¼ 0:
ð36ÞUsing these relations, the membrane stress T at the pole from either Eq. (21) or Eq. (22) isT ¼
V 2ek4 þ h2 1
k2
 q1 þ a 1
k2
 q2  kq1  akq2 l1
h2k2l1
; ð37Þfor a two-parameter Ogden material model. Taking the second derivative of the tangential equilibrium equa-
tion Eq. (11) yields3T 001 ¼ T 002: ð38Þ
Diﬀerentiating the Codazzi equation (Eq. (26)) givesq000  k001 ¼ j2k3: ð39Þ
The third derivative of k2 from Eq. (23) isq000 ¼ 3k002; ð40Þ
and by combining Eqs. (39) and (40) we obtain3k002  k001 ¼ j2k3: ð41Þ
Diﬀerentiating the resultant stresses twice (Eqs. (21) and (22)) and using the relations at the pole (Eqs. (33) and
(34)) we have the second derivative of T1
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1
h2k3l1
V 2ek4ðk001 þ k002Þ þ h2l1
1
k2
 q1
þ ð1þ q2Þa
1
k2
 q2
 kq1 þ ð1þ q2Þakq2

þq1
1
k2
 q1
þ kq1
 
k001 þ
1
k2
 q1
þ q1
1
k2
 q1
þ ð1þ q2Þa
1
k2
 q2
 kq1  akq2
 
k002

; ð42Þsimilarly, the second derivative of T2 isT 002 ¼
1
h2k3l1
V 2ek4ðk001 þ k002Þ þ h2l1ðAk001 þ Bk002Þ
 
;
A ¼ 1
k2
 q1
þ q1
1
k2
 q1
þ ð1þ q2Þa
1
k2
 q2
 kq1  akq2
 
;
B ¼ 1
k2
 q1
þ ð1þ q2Þa
1
k2
 q2
 kq1 þ ð1þ q2Þakq2 þ q1
1
k2
 q1
þ kq1
  
:
ð43ÞPlacing the second order derivatives of the membrane stresses in Eq. (38) gives k002 at the polek002 ¼ ððk001ð2V 2ek4  h2ðC þ 3q1kq1  2akq2Þl1ÞÞ
	
ð2V 2ek4  h2ðC  q1kq1  2akq2  q2akq2Þl1ÞÞ;
C ¼ 2 1
k2
 q1
þ 2q1
1
k2
 q1
þ 2a 1
k2
 q2
þ 2q2
1
k2
 q2
 2kq1 :
ð44ÞSimilarly, in solving Eq. (41) for k001k001 ¼ ððj2k3ð2V 2ek4  h2ðC  q1kq1  2akq2  q2akq2Þl1ÞÞ=ð8ðV 2ek4  h2ðDÞl1ÞÞÞ;
D ¼ 1
k2
 q1
 kq1 þ q1
1
k2
 q1
þ kq1
 
þ a 1
k2
 q2
 kq2 þ q2
1
k2
 q2
þ kq2
  
:
ð45ÞSubstituting for k001 and k
00
2 at the pole in Eq. (40) yields q
000 at the poleq000 ¼  3j2k3 2V 2ek4  h2ðC þ 3q1kq1  2akq2 þ 3q2akq2Þl1
 
R0
 	
8 V 2ek4  h2 1
k2
 q1
 kq1 þ q1
1
k2
 q1
þ kq1
 
þ a 1
k2
 q2
 kq2 þ q2
1
k2
 q2
þ kq2
  
l1

þ kR000

: ð46ÞThe second derivative of y at the pole is given byy00 ¼ jk2: ð47Þ
The values of the dependent variables at the ﬁrst step d1 in the numerical integration scheme are obtained
using Taylor’s theorem and given as pseudo initial conditions to the nonlinear ODE solver½k1s¼d1 ¼ ½ks¼0 þ ½k
0
1s¼0d1 þ
1
2
½k001s¼0d21; ð48Þ
½qs¼d1 ¼ ½qs¼0 þ ½q0s¼0d1 þ
1
2
½q00s¼0d21; ð49Þ
½xs¼d1 ¼ ½xs¼0 þ ½x0s¼0d1 þ
1
2
½x00s¼0d21; ð50Þ
½ys¼d1 ¼ ½ys¼0 þ ½y 0s¼0d1 þ
1
2
½y 00s¼0d21: ð51ÞIntroducing Eqs. (44)–(47) into Eqs. (48)–(51) gives the pseudo initial conditions for the numerical integration
scheme.
Since this is a two-point boundary value problem, one solution approach is to implement a shooting
method. The boundary condition at the clamped edge is k2 = kprestretch; if the prestrain is zero then k2 = 1
or equally q = 1. This method requires an initial guess for the value of the pressure that will satisfy the bound-
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deformed state. The system of equations is solved by numerically integrating over the arc length s from the
ﬁrst manually taken step d1 to 1 (i.e. from near the pole to the clamped edge) for a speciﬁed stretch at the pole
and applied voltage. The inﬂating pressure value is updated in an iterative loop until the mechanical boundary
condition at the clamped edge is satisﬁed using the FindRoot function in Mathematica. The FindRoot function
takes two initial starting values (guesses) for the pressure. For nonlinear coupled systems like this one, ﬁnding
a solution is highly dependent upon specifying suitable starting values. In this regard, prior knowledge of the
solution space cannot be overly emphasized. Of course, there are more sophisticated mathematical techniques
that can also be employed, e.g. parallel shooting.
Thus far the system of equations that govern the deformation of an in-plane membrane subject to an exter-
nal electric ﬁeld has been derived. Prior to calculating the numerical results, the material constants for the cho-
sen elastic material model should be found. The simplest approach is to determine the constants from uniaxial
stress experimental data; the material constants can also be determined using other loading conditions.3. Numerical results for axisymmetric electro-elastomers
The numerical formulation outlined above is used to calculate the response of an axisymmetric electro-elas-
tomer diaphragm subject to an applied voltage. When conﬁgured for actuation, these transducers are often
referred to as dielectric elastomer actuators. These actuators are typically made using either silicone or acrylic
elastomers. In uniaxial extension, acrylic polymers used to fabricate actuators typically have strains up to
600% and silicone polymers up to 200%. As a ﬁrst approximation the model constants are determined from
simple tension tests. In the results that follow a silicone actuator is modeled using a three-parameter Ogden
model and a Mooney–Rivlin model. The Mooney–Rivlin elasticity constants are C1 = 21kPa and
C2 = 10 kPa. The three-parameter Ogden elasticity constants are l1 = 0.33 MPa, l2/l1 = 97 Pa, l3/
l1 = 97 Pa, q1 = 4.3, q2 = 3.6, and q3 = 3.6.
Rudimentary force-extension experiments on NuSil CF19-2186 silicone samples were conducted to deter-
mine material constants for the numerical model (Tews et al., 2003). Freshly spun 93 lm thick silicone ﬁlms
spun cast on 100 mm diameter polystyrene dishes were obtained. Rectangular samples were then cut from the
ﬁlms. The dimensions of the rectangular samples were 1.6 cm by 4 mm. Horizontal parallel lines equally inter-
spaced at 1/2 cm intervals were drawn on the fully taut samples with a thin felt tip marker to make the lines as
ﬁne as possible. This was accomplished by stretching the samples until the rectangular region was twice its
original length. It was assumed that the deformation was essentially uniform and homogeneous (center par-
allel lines remain parallel) in the center region of the samples. The material was not stretched to failure. Digital
photographs were taken of the initial conﬁgurations and for each suspended weight (between the range 0–
85 g). The photographs were imported into IrfanView, a graphic viewer program that automates pixel count-
ing between user-selected regions. The strain was obtained by calculating the change in the distance between
the two most central lines for each suspended weight. The average force–strain curve for both loading and
unloading of four samples is shown in Fig. 1; the weights were added in 5 g increments up to 85 g. The
error-bars indicate the range of variance from the average of the samples. Since there was mild hysteresis
the material constants are determined using the average values of the experimental data. The Ogden constants
are: l1 = 0.329 MPa, l2 = 31.9 MPa, l3 = 32.1 MPa, q1 = 4.3, q2 = 3.6, and q3 = 3.6.
An unrestrained circular diaphragm actuator will undergo planar expansion in response to an applied volt-
age. To illustrate, consider a silicone actuator of radius 2.2 cm and thickness 0.0005 m. In this simple case
where the edges are free and the pressure diﬀerential is zero, the planar stretches are equal at all points and
the resultant stresses are zero, i.e. k1 = k2 = k and T1 = T2 = p = 0. Under these conditions, the stress as a
function of the applied voltage or electric ﬁeld is given asT 1 ¼ 1
k2
k2  1
k4
 
ð1þ ak2Þ  1
C1
1
k2
e
V k2
h
 2
¼ 0; ð52Þwhere a is the Mooney–Rivlin material ratio. One can readily solve Eq. (52) for the voltage or the electric ﬁeld
which is shown in Fig. 2 as a function of the planar stretch. The ﬁgure indicates that the correlation between the
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Fig. 2. Numerical simulation of the electric ﬁeld versus stretch for a silicone actuator.
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Fig. 1. Average force–strain relationship during uniaxial loading and unloading of silicone elastomers.
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This relationship is nonlinear for acrylic actuators made from 3 M VHB tape (Goulbourne et al., 2004). The
ﬁeld values reported in Fig. 2 are all calculated per deformed thickness of the actuator for the voltage range
of 0–3 kV.
A ﬂat diaphragm clamped around the circular edge will deform into a spherical cap once inﬂated by a uni-
form mechanical pressure. For equivalent pressures, a diaphragm actuator will have a larger enclosed volume1.25 1.5 1.75 2 2.25 2.5 2.75 3
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Fig. 3. Numerical simulation of the inﬂation pressure versus stretch for a silicone actuator.
2620 N.C. Goulbourne et al. / International Journal of Solids and Structures 44 (2007) 2609–2626as a result of additional voltage-induced displacements. Consider a circular actuator 2.2 cm in diameter, 91 lm
in thickness, and having a prestretch value of 1.26 that is clamped around the circular edge in a metal clamp.
Fig. 3 shows the predicted pressure versus stretch relationship for applied voltages of 0 V, 1500 V, and 2500 V.
This relationship is nonlinear, having the characteristic deformation curve for rubbery materials, particularly
reminiscent of neo-Hookean membranes for 0 V and 1500 V. The pressure is a monotonically increasing func-
tion of the stretch at 0 V and 1500 V for the Ogden elasticity parameters used in the simulation. At 2500 V, the
pressure slope begins to ﬂatten at higher stretch values.
The inﬂated proﬁles (half-symmetry) for a silicone diaphragm actuator that is ﬂat in the unactuated state
are shown in Fig. 4 for applied voltages of 0 V, 1500 V, and 2500 V. The shapes become increasingly spherical
at higher stretches. Being less compliant than the acrylic actuators, the calculated volume deformation for sil-
icone actuators is much lower than has been reported for acrylics (Goulbourne et al., 2005b). Illustratively, for
a diaphragm 2.2 cm in radius and 0.05 cm thick actuated at 1500 V, the pressure needed to attain an enclosed
volume of 5.2 cc is 4.1 kPa for a silicone actuator versus 0.89 kPa for an acrylic. Similarly, at 2500 V the pres-
sure required for an enclosed volume of 9.1 cc is 6.4 kPa for silicones versus 1 kPa for acrylics. This is simply a
reﬂection of the fact that silicone elastomers are not only much less compliant than the polyacrylates typically
used in assembling electro-elastomers but they also have a much lower failure stretch in comparison to acrylic
elastomers. Further, the mechanical pressures needed to obtain a given stretch are orders of magnitude higher.
This can be very advantageous for applications where a higher force output due to elastic recoil of the dia-
phragm is to be used to perform useful work.0.5 1 1.5 2 2.5
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Fig. 4. Response proﬁles of silicone actuator to diﬀerent voltage values.
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of 3.0 at a calculated pressure of 1.9 kPa, and an applied voltage of 1500 V. The longitudinal and latitudinal
resultant stress distributions are distinct as is the usual case for rubbery elastic materials. For the given Ogden
elasticity parameters, similar distribution forms are calculated when compared with the behavior of passive
rubber membranes (Hart-Smith and Crisp, 1967). The longitudinal stress drops below the pole value before
the radial midpoint around 0.3 and then steeply increases towards the clamped edge of the diaphragm. The
latitudinal resultant stress steadily decreases to its lowest value at the ﬁxed edge.
The corresponding principal stretches are shown in Fig. 6. The radial stretch satisﬁes the clamped condition
at the edge with a prestretch of 1.26. The meridional stretch distribution is greater than the radial stretch over
the membrane. Note that the basic form of the radial stretch distribution curve is preserved for diﬀerent pole
stretch values given the clamped edge condition; this is not the case for the meridional stretch.3.1. Pole stress
The eﬀect that the applied voltage has on the overall stress is analyzed in this section. Using an Ogden mate-
rial model, the stress at the pole of an inﬂated electro-elastomer or equivalently for a spherical actuator is equ-
ibiaxial and given by the expressionsT 0 ¼ 
V 2ek40 þ h 1k20
 q1 þ a 1
k20
 q2  kq10  akq20 l1
h2k20l1
; ð53Þ
TM ¼  V
2ek40
h2k20l1
; ð54Þwhere T0 is the total biaxial stress and TM is the Maxwell stress component. The Maxwell stress term in the
total stress expression introduces a possible source of instability into the numerical calculations that was not
previously present for passive membranes. In the numerical simulation, the stress changes from being a mono-
tonically increasing function of the stretch as a result of the applied voltage. This becomes a far more critical
issue for very high electric ﬁelds where the stress can even become negative. It is instructive to conduct a
numerical analysis that illustrates this behavior. Figs. 7–9 show the pole stress as a function of the pole stretch
for voltages ranging between 1000 V and 3000 V. Two curves are shown in each ﬁgure, one corresponds to the
overall electro-elastic stress that has both mechanical and electrical components and the other corresponding
to the passive stress without the electrical component. At 1000 V (Fig. 7), the stress exhibits the typical insta-
bility of inﬂated rubber balloons whereby at a critical inﬂation pressure there is a snap-through to a much
larger enclosed volume value for an increment in the pressure. In Fig. 8, the passive stress retains the form
previously described, but the total active stress loses stability and only has a single stable branch during
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Fig. 7. Pole stress as a function of the stretch at 1000 V.
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2622 N.C. Goulbourne et al. / International Journal of Solids and Structures 44 (2007) 2609–2626the initial inﬂation stage. For an applied voltage of 3000 V in Fig. 9, the total stress becomes negative at a
stretch of 4.8.
This numerical analysis has elucidated that in modeling electro-elastomers, the balance between the
mechanical and electrical contributions in the postulated stress must be maintained such that the stress
remains positive. Furthermore, for practical considerations, it is critical that the actuator operates within a
stable feasible region. This is, of course, an important concern for modeling these actuators. This initial anal-
ysis was limited to the pole, for nonspherical membranes or asymmetric conﬁgurations or loading conditions a
distributed analysis is needed.
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mechanical failure. Experimentally, silicone membrane actuators typically support electric ﬁelds up to
50 MV/m. The ‘failure’ stress behavior reported here is reﬂective of the intense membrane thinning induced
by the electrical stress. At a critical point, the electrical stress (easily seen by considering the expression in Eq.
(55)) can dominate the overall stress. Mathematically, if the voltage and the stretch take on very large values
the resultant stresses will become compressive. This phenomenon is not particular to silicone actuators; mem-
brane stresses of acrylic actuators also become compressive at some ﬁnite thickness reduction.3.2. Capacitive sensor with deformable electrodes
Electro-elastomers are similar in both structure and function to capacitors and can be thought of as ﬂexible
capacitors with deformable electrodes. When a voltage is applied, charge is stored on the electrode surfaces,
which are separated only by the thickness of the sandwiched elastomer. During deformation, the electrode area
and the distance between the electrodes change, this gives rise to changes in capacitance. Since the capacitance is
a function of the electrode area and the separation of the oppositely charged surfaces that are both varying with
the deformation, then the physically measured capacitance or current response can be used to extract informa-
tion about the deformation state of the electro-elastomer. The capacitive sensing response of dielectric elasto-
mer actuators has been studied both experimentally and analytically by (Sommer-Larsen et al., 2001) in the
limit of small strains. For large strains, we consider a spherical electro-elastomer membrane 2 cm in radius
and 91 lm thick held at a constant pressure while step voltages of 1500 V and 2500 V are applied. Only phys-
ically reasonable solutions for adjacent spherical conﬁgurations are considered. Using a three-parameter Ogden
model for silicone (NuSil CF19-2186) and assuming the ﬂexible electrodes are very compliant, the time response
is calculated. Geometrical symmetry reduces the system response to a single radial equilibrium equation which
in nondimensional form is given in terms of a single stretch ratio k (Mockensturm and Goulbourne, 2005).
Here, the model is used to calculate both the deformation as well as the electrical behavior of the membrane.
Figs. 10 and 11 show: (1) the dynamic stretch response of the spherical membrane and (2) the corresponding
capacitance response. In a practical setting, the current and or the capacitance would be measured and the cor-
responding deformation state calculated from the data. Expressions for the capacitance C and the current I as a
function of nondimensional time t are found using the familiar relations:CðtÞ ¼ eAðtÞ
k3ðtÞh ;
IðtÞ ¼ dQðtÞ
dt
¼ dðCðtÞV Þ
dt
;
ð55Þwhere Q is the charge, h is the initial conductor separation or elastomer thickness, and A is the area of the
conducting surface. Incompressibility constraints applied previously in deriving the model yield the following
relationships2 4 6 8 10 12 14 t
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Fig. 10. Dynamic stretch response for a silicone membrane during voltage actuation.
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Fig. 11. Simulation of time varying capacitance corresponding to silicone membrane deformation response at 2500 V.
2624 N.C. Goulbourne et al. / International Journal of Solids and Structures 44 (2007) 2609–2626k1ðtÞk2ðtÞk3ðtÞ ¼ 1 or k3ðtÞ ¼ 1k1ðtÞk2ðtÞ ; ð56Þsuch that the area is given in terms of the original dimensions asAðtÞ ¼ k1ðtÞk2ðtÞA0 ¼ k2A0: ð57ÞFor nonspherical shapes and more complex deformations the planar stretches would also need to be functions
of position.4. Summary
In summary, a formulation for modeling dielectric elastomers was presented using a continuum mechanics
approach. The major postulate of the work is that the total stress, or the electro-elastic Cauchy stress, is a
combination of the usual mechanical stress and the electrostatic Maxwell stress. The rubbery elastic nature
of the actuator in its passive state permits the use of Green and Adkins’ elastic membrane theory to model
the actuator. In this way, using an electro-elastic membrane formulation previously derived (Goulbourne
et al., 2005a), the solution procedure was explicitly outlined for the active inﬂation of a diaphragm actuator
and for the planar extension of an unrestrained diaphragm. An analysis of the pole stress of an actively
inﬂated actuator highlights the need to maintain balance between the competing electrical and mechanical
components of the stress such that the stress remains positive and the membrane stable. This is an important
issue in designing actively inﬂated diaphragms. It is interesting that the deformation characteristics of electro-
elastomers are coupled with a capacitive response that can be used in sensing applications whereby the mea-
sured electrical parameters such as the capacitance and the current can be used to exude information about the
corresponding deformation state of the membrane.Appendix. System equations
Equation (1):k01 ¼
k1
K
h2s2l1 kq11 þ akq21 
s
k1q
 q1
 q1
s
k1q
 q1
 a s
k1q
 q2
 q2a
s
k1q
 q2 
q

 V 2ek21q3 þ sV 2ek21q2x
h2s3l1
s
k1q
 q1
þ q1
s
k1q
 q1
 q
s
 q1 þ a s
k1q
 q2
þ q2
s
k1q
 q2
 q
s
 q2  
x

; ð58Þwhere
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s
k1q
 q1
þ q1
s
k1q
 q1
þ a s
k1q
 q2
þ q2a
s
k1q
 q2 
 V 2ek21q2
  
:
ð59Þ
Equation (2):x0 ¼ H1 h2psl1k41q2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x
2
k21
s
 V 2ek21q2 k31  k1x2 þ qxk01
  h2s2l1 k31ðsq1kq11 qq1
 
sq1qq1 þ sq2akq21 qq2  sq2aqq2Þ  k1ðsq1kq11 qq1  sq1qq1 þ sq2akq21 qq2
sq2aqq2Þx2  kq11 qxk01  akq21 qxk01 þ qðsq1kq11 qq1 þ sq2akq21 qq2Þxk01

; ð60ÞwhereH ¼ ðk1qðV 2ek21q2  h2s2l1ðkq11 þ akq21  sq1kq11 qq1  sq2akq21 qq2ÞÞÞ: ð61Þ
Equation (3):q0 ¼ x ð62Þ
and Equation (4):y0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21R
02  x2
q
: ð63Þ
The relationship between the dimensional (denoted by an overbar) and the nondimensional variables arep ¼ l1h0
R0
p;
T 1;2 ¼ l1h0T 1;2 ðOgden modelÞ; T 1;2 ¼ C1h0T 1;2 ðMooney–Rivlin modelÞ;
V ¼ ere0R
3
0
l1h0
 12
V ; E ¼ ere0R0
l1h0
 12
E;
ð64Þwhere h0 = h/(k0)
2 is the prestretched thickness.
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